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Abstract. We show that the Green functions on flat tori can have either 
3 or 5 critical points only. There does not seem to be any direct method to 
attack this problem. Instead, we have to employ sophisticated non-linear 
partial differential equations to study it. 

We also study the distribution of number of critical points over the 
moduli space of flat tori through deformations. The functional equations 
of special theta values provide important inequalities which lead to a 
solution for all rhombus tori. 



1. Introduction and Statement of Results 

The study of geometric or analytic problems on two dimensional tori is 
the same as the study of problems on with doubly periodic data. Such 
situations occur naturally in sciences and mathematics since early days. 
The mathematical foundation of elliptic functions was subsequently devel- 
oped in the 19th century. It turns out that these special functions are rather 
deep objects by themselves. Tori of different shape may result in very dif- 
ferent behavior of the elliptic functions and their associated objects. Arith- 
metic on elliptic curves is perhaps the eldest and the most vivid example. 

In this paper, we show that this is also the case for certain non-linear par- 
tial differential equations. Indeed, researches on doubly periodic problems 
in mathematical physics or differential equations often restrict the study to 
rectangular tori for simplicity. This leaves the impression that the theory 
for general tori may resemble much the same way as for the rectangular 
case. However this turns out to be false. We will show that the solvability 
of the mean field equation depends on the shape of the Green function, which 
in turn depends on the geometry of the tori in an essential way. 

Recall that the Green function G(z, w) on a flat torus T = C/Za;i + Zcj;2 
is the unique function on T x T which satisfies 

1 

-AzG(z,w) = 5^^,{Z) - 

and jj G{z,w) dA = 0, where S^^, is the Dirac measure with singularity at 
z = w. Because of the translation invariance of A^, we have G{z,iv) = 
G{z — w,0) and it is enough to consider the Green function G(z) := G(z, 0). 
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Not surprisingly, G can be explicitly solved in terms of elliptic functions. 
For example, using theta functions we have (cf. Lemma IZTl Lemma [7^1]) 

G(z) = -^log|t?i(z)| + ^y' + C(T) 

where z = x + iy and t := cl>2/<^i = a + ib. The structure of G, especially 
its critical points and critical values, will be the fundamental objects that 
interest us. The critical point equation VG(z) = is given by 

f .jl((log.0. + 2™|)^0. 

In terms of Weierstrass' elliptic functions p{z), ^(z) := — J p and using 
the relation (logi?i)z = ^{z) — rjiz with rji = ^(z + cvj) — ^(z) the quasi- 
periods, the equation takes the simpler form: z = tcoi + SCO2 is a critical 
point of G if and only if the following linear relation (Lemma I2.3P holds: 

(1.1) (,{i<^l + = % + ST]2- 

Since G is even, it is elementary to see that half periods ^coi, \u)2 and 
^0)2, = {coi + co2)/2 are the three obvious critical points and other critical 
points must appear in pair. The question is: Are there other critical points? 
or How many critical points might G have?. It turns out that this is a delicate 
question and can not be attacked easily from the simple looking equation 
(|1.1|) . One of our chief purposes in this paper is to understand the geometry 
of the critical point set over the moduli space of flat tori Aii = 'H/SL(2, Z) 
and to study its interaction with the non-linear mean field equation. 

The mean field equation on a flat torus T takes the form {p G R+) 

(1.2) Au + pe"=pSo. 

This equation has its origin in the prescribed curvature problem in geom- 
etry like the Nirenberg problem, cone metrics etc.. It also comes from sta- 
tistical physics as the mean field limits of the Euler flow, hence the name. 
Recently it was shown to be related to the self dual condensation of Chern- 
Simons-Higgs model. We refer to ||3|, H, ||5|, ISl, fZl, CQI, CH and d for 
the recent development of this subject. 

When p 7^ 8mn for any m G Z, it has been recently proved in IH, ||5l, 
||6| that the Leray-Schauder degree is non-zero, so the equation always has 
solutions, regardless on the actual shape of T. 

The first interesting case remained is when p = 8n where the degree the- 
ory fails completely. Instead of the topological degree, the precise knowl- 
edge on the Green function plays a fundamental role in the investigation of 
(|1.2|) . The first main result of this paper is the following existence criterion 
whose proof is given in §3 by a detailed manipulation on elliptic functions: 

Theorem 1.1 (Existence). For p = 8n, the mean field equation on aflat torus 
has solutions if and only if the Green function has critical points other than the 
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three half -period points. Moreover, each extra pair of critical points corresponds to 
an one parameter scaling family of solutions. 

It is known that for rectangular tori G(z) has precisely the three obvious 
critical points, hence for p = 8n equation (|1.2|l has no solutions. However 
we will show in §2 that for the case co-[ = 1 and t = CO2 = e^'^^ there are at 
least five critical points and the solutions of (|1.2|) exist. 

Our second main result is the uniqueness theorem. 

Theorem 1.2 (Uniqueness). For p = 8tz, the mean field equation on aflat torus 
has at most one solution up to scaling. 

In view of the correspondence in Theorem 11.11 an equivalent statement 
of Theorem ll.2l is the following result: 

Theorem 1.3. The Green function has at most five critical points. 

Unfortunately we were unable to find a direct proof of Theorem ll.3l from 
the critical point equation (|1.1|) . Instead, we will prove the uniqueness the- 
orem first, and then Theorem 11.31 is an immediate corollary. Our proof of 
Theorem [L2] is based on the method of symmetrization applied to the lin- 
earized equation at a particularly chosen even solution in the scaling family. 
In fact we study in §4 the one parameter family 

Am + pe" = p3o, p e [An, 8n] 

on T within even solutions. This extra assumption allows us to construct a 
double cover T ^ via the Weierstrass p function and to transform equa- 
tion il.2} into a similar one on but with three more delta singularities 
with negative coefficients. The condition p > 4/1 is to guarantee that the 
original singularity at still has non-negative coefficient of delta singular- 
ity. 

The uniqueness is proved for this family via the method of continuity. 
For the starting point p = 4/1, by a construction similar to the proof of The- 
orem 11.11 we sharpen the result on nontrivial degree to the existence and 
uniqueness of solution (Theorem I3.2|) . For p G [47r, 8 tt], the symmetriza- 
tion reduces the problem on the non-degeneracy of the linearized equation 
to the isoperimetric inequality on domains in M.^ with respect to certain 
singular measure: 

Theorem 1.4 (Symmetrization Lemma). Let Cl C IR.'^ be a simply connected 
domain and let vbe a solution of 

Av + e" = Yl^^i 27Z0Lj3p. 

in Q. Suppose that the first eigenvalue 0/ A + is zero on O with (p the first 
eigenfunction. If the isoperimetric inequality with respect to ds^ = e'"\dx\^: 



(1.3) 



ll^{dco) > m{co){4n-m{cv)) 
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holds for all level domains co = {cp > t} with t > 0, then 

f e" dx> In. 

Jo. 

Moreover, (II. 3D holds if there is only one negative Uj and a.j = — 1. 

The proof on the number of critical points appears to be one of the very 
few instances that one needs to study a simple analytic equation, here the 
critical point equation jl.l^ , by way of sophisticated non-linear analysis. 

To get a deeper understanding of the underlying structure of solutions, 
we first notice that for p = 8n, (|1.2|) is the Euler-Lagrange equation of the 
non-linear functional 

(1.4) /8^(y) = i / \Vv\^dA-8n\og f e'-^^'^^^UA 

2 Jt Jt 

on {T) n {v I JjV = 0}, the Sobolev space of functions with L^-integrable 
first derivative. From this viewpoint, the non-existence of minimizers for 
rectangular tori was known in [6J. Here we sharpen the result to the non- 
existence of solutions. Also for p S {An,8n) we sharpen the result on 
non-trivial degree of equation (|1.2|) in (H to the uniqueness of solutions 
within even functions. We expect the uniqueness holds true without the 
even assumption, but our method only achieves this at p = An. Obviously, 
uniqueness without even assumption fails at p = 8n due to the existence 
of scaling. 

Naturally, the next question after Theorem [L2] is to determine those tori 
whose Green functions have five critical points. It is the case if the three 
half-periods are all saddle points. A strong converse is proved in 111: 

Theorem A. If the Green function has five critical points then the extra pair of 
critical points are minimum points and the three half-periods are all saddle points. 

Together with Theorem II. 1[ this implies that a minimizer of Jsn exists if 
and only if the Green function has more than three critical points. In fact we 
show in [9j| that any solution of equation (|1.2|) must be a minimizer of the 
nonlinear functional Jsn- Thus we completely solve the existence problem 
on minimizers, a question raised by Nolasco and Tarantello in |ITT| . 

By Theorem A, we have reduced the question on detecting a given torus 
to have five critical points to the technically much simpler criterion on 
(non)-local minimality of the three half period points. In this paper, how- 
ever, no reference to Theorem A is needed. Instead, it motivates the follow- 
ing comparison result, which also simplifies the criterion further: 

Theorem 1.5. Let zq and z\ he two half period points. Then 

G(zo) > G(zi) ifandonlyif |p(zo)| > |p(zi)|. 

For general flat tori, a computer simulation suggests the following pic- 
ture: Let Q3 (resp. Q5) be the subset of the moduli space M.\ U {00} = 
which corresponds to tori with three (resp. five) critical points, then 
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□3 U {00} is a closed subset containing Q5 is an open subset contain- 
ing e^^^^ , both of them are simply connected and their common boundary 
C := 8Q3 = is a curve homeomorphic to containing 00. Moreover, 
the extra critical points are split out from some half period point when the 
tori move from Os to Qs across C. 

Concerning with the experimental observation, we propose to prove it 
by the method of deformations in Ali. The degeneracy analysis of critical 
points, especially the half period points, is a crucial step. In this direction 
we have the following partial result on tori corresponding to the line Re r = 
1/2. These are equivalent to the rhombus tori and t = ^ (1 + /) is equivalent 
to the square torus where there are only three critical points. 

Theorem 1.6 (Moduli Dependence). Let u)\ = \ and CV2 = r = j + ib with 
b>0. Then 

(1) There exists bo < ^ < bi < \/3/2 such that \ooi is a degenerate critical 
■point o/G(z;t) if and only ifb = bo or b = bi. Moreover, jcoi is a local 
minimum point ofG{z; r) if bo <b < bi and it is a saddle point ifb < bo 
orb > h\. 

(2) Both \co2 and ^co^ are non-degenerate saddle points ofG. 

(3) G(z; t) has two more critical points ±zo(t) when b < ho or b > bi. They 
are non-degenerate global minimum points ofG and in the former case 

1 & 

Rezo(T) = -; < Imzo(T) < 2" 

Part (1) gives a strong support of the conjectural shape of the decompo- 
sition Ml = Os U Q5. Part (3) implies that minimizers of Jsn exist for tori 
with T = j + ib with b <boorb > bi. 

The proofs are given in §6. Notably Lemma 6.1, 6.2 and Theorem 6.6, 
6.7. They rely on two fundamental inequalities on special values of elliptic 
functions and we would like to single out the statements (recall that Ci = 
p{\cOi) andrji = 2^{lcVi)): 
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Figure 2. Graphs of rji (the left one) and ei in b where ei is increasing. 



Figure 3. Graphs of ei + rji (the upper one) and \ei — rji. 
Both functions are increasing in h and — r]i y 0. 

Theorem 1.7 (Fundamental Inequalities). Let cvi = 1 and t02 = t = ^ + ib 

with b > 0. Then 

(1) ^(ei + ;7i) = -47r^log|i92(0)|>0. 

Id d^ 

(2) -ei - //I = 47r— log|i?3(0)| < and — ^ log|j?3(0)| > 0. The same 

holds for i?4(0) = !?3(0). In particular, ei increases in h. 

These modular functions come into play due to the explicit computation 
of Hessian at half periods along Re T = ^ (cf. (I6.3I > and (16.211) ): 

471^ det D^G ( ^) = (ei + //I ) (ei + ?/i - ^) , 

47rMetD2G(^) = (rji " + \ei - m) " \^^^2?. 

Although Ci's and j/,'s are classical objects, we were unable to find an 
appropriate reference where these inequalities were studied. Part of (2), 
namely \ei — f]i < 0, can be proved within the Weierstrass theory (cf. 
(I6.22D ). The whole theorem, however, requires theta functions in an es- 
sential way. Theta functions are recalled in §7 and the theorem is proved 
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in Theorem 8.1 and Theorem 9.1. The proofs make use of the modular- 
ity of special values of theta functions (Jacobi's imaginary transformation 
formula) as well as the Jacobi triple product formula. Notice that the geo- 
metric meaning of these two inequalities has not yet been fully explored. 
For example, the variation on signs from !?2 to !?3 is still mysterious to us. 

Acknowledgements: C.-S. Lin is partially supported by the National Sci- 
ence Council. C.-L. Wang is partially supported by the Shiing-shen Chern 
Fellowship of the National Center for Theoretic Sciences at Hsinchu, Tai- 
wan. 

2. Green Functions and Periods Integrals 

We start with some basic properties of the Green functions that will be 
used in the proof of Theorem 1.1. Detailed behavior of the Green functions 
and their critical points will be studied in later sections. 

Let r = C/Za;i -|- be a flat torus. As usual we let cus = o^i -|- 002- 
The Green function G(z, w) is the unique function on T which satisfies 

(2.1) - A,G{z,w) = 5,„{z) - 

and jj G(z, w) dA = 0. It has the property that G(z, w) = G{iu, z) and it is 
smooth in (z, zv) except along the diagonal z = zv, where 

(2.2) G{z,w) = -^\og\z - zv\ + 0{\z - zv\^) + C 

for a constant C which is independent of z and zv. Moreover, due to the 
translation invariance of T we have that G{z,zv) = G{z — zv,0). Hence it 
is also customary to call G(z) := G(z, 0) the Green function. It is an even 
function with the only singularity at 0. 

There are explicit formulae for G{z,zv) in terms of elliptic functions, ei- 
ther in terms of the Weierstrass p function or the Jacobi-Riemann theta 
functions Both are developed in this paper since they have different 
advantages. We adopt the first approach in this section. 

Lemma 2.1. There exists a constant C(t), t = coz/coi, such that 

(2.3) 87rG(z) = A |^iog \p{^) - p{z)\dA + C(t), 

It is straightforward to verify that the function of z, defined in the right 
hand side of (|2.3I >, satisfies the equation for the Green function. By com- 
paring with the behavior near we obtain Lemma |2.1[ Since the proof is 
elementary, also an equivalent form in theta functions will be proved in 
Lemma [TAl we skip the details here. 

In view of Lemma |2.1[ in order to analyze critical points of G(z), it is 
natural to consider the following periods integral 
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where L is a line segment in T which is parallel to the cvi-axis. 

Fix a fundamental domain T*^ = { scvi + tCi>2 \ — \ s,t < ^} and set 
L* = —L. Then F(z) is an analytic function, except at 0, in each region of 
divided by L U L*. Clearly, p (z) / (p(^) — p(z)) has residue ±1 at ^ = ±z. 
Thus for any fixed z, F(z) may change its value by ±2m if the integration 
lines cross z. Let T°\(L U L*) = Ti U T2 U T3, where Ti is the region above 
L U L*, T2 is the region bounded by L and L* and T3 is the region below 
L U L*. Recall that ^'(z) = -p(z) and = ^(z + cu,) - ^(z) for z G {1,2}. 
Then we have 

Lemma 2.2. Lei Ci = 27rz, C2 = and C3 = —Ini. Then for z G Tjt, 
(2.5) F(z) =2a;iaz) -2f/iZ + Q. 

Proo/. For z G Ti U T2 U Tj, we have 

Clearly, z and — z are the only (double) poles of f — , ^^'^ , . ^ as a 

meromorphic function of I and ( — j^r-^—^—r-^ has zero residues at f = 

z and — z. Thus the value of F'(z) is independent of L and it is easy to see 
F'(z) is a meromorphic function with the only singularity at 0. 

By fixing L such that ^ L U L*, a straightforward computation shows 
that 

F(z) = ^-2^iz + 0(z2) 
in a neighborhood of 0. Therefore 

F'(z) = -2cvip{z)-ly]i. 
By integrating F', we get 

F(z) = 2a;i^(z) - Ir^iz + C^ 

Since F(a;2/2) = 0,F(a;i/2) = and F(-a;2/2) = 0, is as claimed. 
Here we have used the Legendre relation r]i(x>2 — rjicoi = 27rz. □ 

From \2.3) , we have 



(2.6) SnG, = ^J ,/^''\ . dA. 
Lemma 2.3. Lei G &e f/ze Green function. Then for z = tcoi + su)2, 

(2.7) G, = -i^(az)-//ii-//2s). 
Jn particular, z is a critical point ofG if and only if 

(2.8) ^{tcoi + SCV2) = tr]i + ST]2. 
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Proof. We shall prove (|2.7|) by applying Lemma 12.21 Since critical points 
appear in pair, without loss of generality we may assume that z = tcoi + 
SCO2 with s > 0. We first integrate (|2.6|) along the coi direction and obtain 

-2a;i^(z) +2?/iZ if sq > s, 

-2cvi(,{z) + 2?/iZ — 2m if — s < sq < s, 
-2a;i^(z) +2t]iz if sq < -s, 

where Li(so) = { tocoi + S0CO2 | |fo| < 5 }■ Thus, 
SttG, = /' / , dto dso = co^^ l\ f{so) dso 

= co-\{-2coi^{z) + 2//iz)(l - 2s) + (-2a;iC(z) + 2t]iz - 2m)2s) 

= co]^'^ {-2coil,{z) + 2/71Z - 47rsz) 

= a)-'^{-2coi^{z) + 2rjitcoi + 2s{r]iC02 - 2m)) 

= -2^(z) +2//if + 2s?/2, 

where the Legendre relation is used again. □ 

Corollary 2.4. Let G(z) be the Green function. Then \cOj^, k G {1,2,3} are 
critical points o/G(z). Furthermore, ifz is a critical point of G then both periods 
integrals 

fi(z) :=2(a;i^(z) -//iz) and 

f2(z) := 2(0^2^(2) -/72Z) 
are purely imaginary numbers. 

Proof. The half-periods \coi, \co2 and \(X)^ are obvious solutions of (|2.8|) . 
Alternatively, the half periods are critical points of any even functions. In- 
deed for G(z) = G(— z), we get VG(z) = — VG(— z). Let p = 2<^, for some 
i e {1,2,3}, then p = -pinTand so VG(p) = -VG(p) = 0. 
If z = tcoi + SCO2 is a critical point, then by Lemma 1231 

ooil,{z) — Tjiz = coi{tr]i + sr]2) — f/i(f<^i + SCO2) = s{cL>ir]2 — 002^1) = —2sm. 

The proof for F2 is similar. □ 

Example 2.5. When t = 0^2 /<^i £ ' IR/ by symmetry considerations it is 
known (cf. HI, Lemma 2.1) that the half periods are all the critical points. 

Example 2.6. There are tori such that equation (|2.8|) has more than three 
solutions. One such example is the torus with a)i = l and C02 = 2(1 + \f^i) • 
In this case, the multiplication map z 1— > a;2Z is simply the counterclockwise 
rotation by angle n/3, which preserves the lattice Zo^i + 'Z.CO2, hence p 
satisfies 

(2.10) p(a;2z) = p{z)/(vl. 
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Similarly in p'^ = 4p3 - - ^3, 

which implies that §^2 = arid 

(2.11) = 6p2. 

Let zo be a zero of p{z). Then p"(zo) = too. By (|2.10|) , p(a;2Zo) = 0, 
hence either a;2Zo = zo or a;2Zo = — zq on T since p(z) = has zeros 
at Zo and — zq only. From here, it is easy to check that either zq is one of 
the half periods or zq = ±^a;3. But Zq can not be a half period because 
p"{zo) 7^ at any half period. Therefore, we conclude that Zq = ±5(^3 and 

We claim that ^0^3 is a critical point. Indeed from the addition formula 

(2.12) a2z) = 2^2) + \^ 
we have 



(2.13) <T^)=2^(' 
On the other hand. 



3 J 



Together with (|2.13|l we get 

That is, ^a;3 satisfies the critical point equation. 

Thus G(z) has at least five critical points at \(x>]^, k = 1,2,3 and ±^0)3 
when T = (x>il = ^(1 + "s/S/). 

By way of Theorem ll.31 these are precisely the five critical points, though 
we do not know how to prove this directly. 



To conclude this section, let u be a solution of l|1.2|) with p = Stt and set 

(2.14) z;(z) = m(z) +87rG(z). 
Thenw(z) satisfies 

(2.15) Au(z) + STT^e-^^^^^^e^^") - ^) = 

in T. By (|2.2|) , it is obvious that v{z) is a smooth solution of (|2.15|) . An 
important fact which we need is the following: Assume that there is a blow- 
up sequence of solutions Vj(z) of (|2.15|l . That is, 

= maxz7j +00 as ; 00. 
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Then the limit p = limy^oo Pj is the only blow-up point of {vj} and p is in 
fact a critical point of G(z): 

(2.16) VG(p) = 0. 

We refer the reader to |I3 (p. 739, Estimate B) for a proof of (|2l6l) . 

3. The Criterion for Existence via Monodromies 
Consider the mean field equation 

(3.1) Aw + pe" = pSo, p G R+ 

in a flat torus T, where i^o is the Dirac measure with singularity at and the 
volume of T is normalized to be 1. A well known theorem due to Liouville 
says that any solution w of Am + pe" = in a simply connected domain 
n C C must be of the form 

(3.2) u = c,+\os (iyj|2)2 - 

where / is holomorphic in Q. Conventionally / is called a developing map 
of M. Given a torus T = C/Zo^i + Zco2, by gluing the f's among simply 
connected domains it was shown in |6| that for p = 47r/, I G (I3.2D holds 
on the whole C with / a meromorphic function. (The statement there is for 
rectangular tori with I = 2, but the proof works for the general case.) 
It is straightforward to show that u and / satisfy 

The right hand side of (|3.3|) is the Schwartz derivative of /. Thus for any 
two developing maps / and / of u, there exists S = ^ G PSU(l) 

(i.e. p, q & C and |pp + = 1) such that 

(3.4) 

Now we look for the constraints. The first type of constraints are im- 
posed by the double periodicity of the equation. By applying (|3.4|) to /(z + 
coi) and /(z + coz), we find Si and S2 in PSU(l) with 

f{z + coi) = Sif, 

f{z + C02) = S2/. 

These relations also force that S1S2 = S2S1 (up to a sign, as A = —A in 
PSU(l)). 

The second type of constraints are imposed by the Dirac singularity of 
(|3.1|) at 0. A straightforward local computation with (|3.2|) shows that 



Lemma 3.1. (1) If f{z) has a pole at zq = (mod 001,002), then the order 
k = l + l. 
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(2) Iff{z) = flo + flfcZ*^ + • • • is regular at zq = (mod a;i,a;2) 'i^ith a^ ^ 
then k = l + l. 

(3) Iff{z) has a pole at zq ^ (mod iOi,co2), th^n the order is 1. 

(4) If f{z) = flo + %(z — Zo)*^ + • • • is regular at zq ^0 (mod 001,0)2) 
with fljc 7^ ^^^'^ k = 1. 

Now we are in a position to prove Theorem 1.1, namely the case / = 2. 

Proo/. We first prove the "only if" part. Let u be a solution and / be a 
developing map of m. By the above discussion, we may assume, after con- 

/e'^ \ 

jugating a matrix in PSU(l), that Si = ( ^ j for some G R. Let 

S2 = ( ^ -'^ I and then (13.51) becomes 
\q p J 

.3 f{z + u;,)=e'''f{z), 

fiz + W2)=S2f{z). 

Since S1S2 = S2S1, a direct computation shows that there are three pos- 
sibilities: 

(1) p = and e'^ = ±i; 

(2) = 0; and 

(3) e'^ = ±1. 

Case (1). By assumption we have 

/(z + a;i) = -/(z). 

For any I G N, the logarithmic derivative 

g = (log/)' = ^ 

is a non-constant elliptic function on f = C / Za;i + Z2a;2 which has a 
simple pole at each zero or pole of /. By Lemma 13^11 if / or 1// is singular 
at z = then g has no zero, which is not possible. So / must be regular at 
2 = with /(O) 7^ 0. Moreover g has two zeros of order / at and co2- 

Let p(z), ^(z) and a{z) = exp p ^(w) dw = z + ■ ■ ■ he the Weierstrass 
elliptic functions on f. Recall that cr is odd with a simple zero at each lattice 
point. Moreover, for co-[ = coi, 0)2 = 2co2 and 0)3 = cuj + 2a;2, 

(3.8) a{z ± tOi) = -eT'/.(^±5'^'V(z). 

Now / = 2. By the standard representation of elliptic fimctions, 

a^{z)a^{z — C02) 



(3.9) g{z) = A 



a{z — a)a{z — h)a{z — c)a{z — d) 
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with four distinct simple poles such that a + b + c + d = 2co2- We will show 
that such a function g{z) does not exist. 

By i3.7} . we have g{z + 002) = —g{z)- Hence we may assume that c = fl + 
602 and d = b + co2 modulo coi, 2a)2. Thus a + b = modulo \coi, (JO2 and we 
arrive at two inequivalent cases, (i) {a,b,c,d) = {a, —a, a + C02, — + coi)- 
(ii) {a, b,c,d) = {a,— a + jCOi, a + CO2,— a — jLOi + 002). Using (|3.8|l , it is 
easily checked that (i) leads to g{z + CV2) = g{z) and (ii) leads to g{z + 
C02) = —g{z). Hence we are left with case (ii). 

The residues of g at a,b,c and d are equal to —Ar, Ar', Ar and —Ar' 
respectively, where 

cr2(a + co2)(r^{a) 
a{co2)(T[2a — ^coi + co2)o'{2a + ^coi) 

and 

cr^{a — ^coi)cr^{a — \(jOi + co2) 



r' 



a{2a — 2<^i)(7(2fl — ^coi + C02)o'{t0i — CO2) 
We claim that Ar = ±1 and Ar' = ±1: Since 



/(z) = exp J g{w) div 



is well-defined, by the residue theorem, we must have Ar = m for some 
m E'Z.. Moreover one of a, fc is a pole of order \m\ of / and then by Lemma 
I3.1l we conclude that m = ±1. Similarly Ar' = ±1. 

In particular we must have r/r' = ±1. Using (|3.8|l , this is equivalent to 

a^{a + ^coi)cr'^{a — ^toi + C02) 
To solve a from this equation, we first recall that 

By substituting y = ^cOi into it and using (|3.8|) . we get 



•2, 



(3.11) p(2) - Ci = ^ V e-'?'^ 

With (|3.1H) . the "+" case in equation (|3.10|) simplifies to 

p(« - + <^2) - ei = - ei- 

That is, 2fl = 2<^i — a;2. But this implies that b = c, a contradiction. 

Similarly, the "— " case in (|3.10|) simplifies to (using the Legendre rela- 
tion) 

-^3 = -63. 

That is, 2a + ^coi = 0. This leads to c = d, which is again a contradiction. 
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Case (2). In this case we have 
(312) /(z + a;i)=.2'V(z). 

The logarithmic derivative g = (log/)' = /'//is now elliptic on T 
which has a simple pole at each zero or pole of /. As in Case (1), it suf- 
fices to investigate the situation when / is regular at and /(O) ^ 0. Since 
g has as its only zero (of order 2), we have 

(3.13) g{z)=A- '"'^"^ 



o-{z - Zo)a{z + zo) 



where c(z) is the Weierstrass sigma fimction on T. Without loss of gener- 
ality we may assume that / has a zero at Zq and a pole at — Zq. In particular 
Zo 7^ — Zq in T and we conclude that Zq 7^ cOk/"^ for any k S {1, 2, 3}. 

Notice that if a meromorphic function / satisfies (|3.12|l , then e^f also 
satisfies (|3.12|l for any A G R. Thus 

e^^\f'(z)\^ 

(3.14) "^'^)-'^-+'°g (l+ji|}(.)p)2 

is a scaling family of solutions of (|3.1|) . 

Clearly Wa(z) ^ —00 as A ^ +00 for any z such that /(z) 7^ and 
Ua{zo) as A ^ +00. Hence zq is the blow-up point and we have by 

dlllllthat 

VG(zo) =0. 

Namely, it is a critical point other than the half periods. 

Case (3). In this case we get that Si is the identity. So by another conju- 
gation in PSU(l) we may assume that S2 is in diagonal form. But this case 
is then reduced to Case (2). The proof of the "only if" part is completed. 

Now we prove the "if" part. Suppose that there is a critical point zq of 
G(z) withzo 7^ ^o;;; for any /: G {1,2,3}. 

For any closed curve C such that zq and — zq ^ C, the residue theorem 
implies that 

(3.15) / J^(^o) d^ = 2nmi 
for some m G {1,0,-1}. Hence 

is well-defined as a meromorphic function. Notice that / is non-constant 
since p'(zo) 7^ 0. 
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Let Li and L2 be lines in T which are parallel to the a;i-axis and a;2-axis 
respectively and with ±zo ^ Li, L2. Then for ; = 1, 2, 

(3.17, f^,^^.^^f^.i,.,y^^-gM_,,y 

By Lemma IZ2l 

for some Q € {27rz, 0, —Ini}. Also by Corollary I2.4[ 

Fj{zo) = 2(a;y^(2o) - ?/yZo) = Wj e /R. 
Hence for ; = 1, 2, 

(3.18) /(z + a;,)=/(z)e2'^/. 

holds. Set 



Ma(x) = ci +log- 



I2y 



(l+e2A|/(z)| 

Then ma (^) satisfies (|3.H) for any A G IR and ma is doubly periodic by (|3.18|) . 
Therefore, solutions have been constructed and the proof of Theorem [L2] is 
completed. □ 

A similar argument leads to 

Theorem 3.2. For p = 47r, there exists an unique solution of (13. 3 P . 



Proof. By the same procedure of the previous proof, there are three cases to 
be discussed. For Case (2), the subcases that / or 1// is singular at z = 
leads to contradiction as before. For the subcase that / is regular at z = 
and /(O) 7^ we see that /(z) / /' (z) is an elliptic function with as its only 
simple pole (since now k — 1 = I = 1). Hence Case (2) does not occur. 
Similarly Case (3) is not possible. 

Now we consider Case (1). By \3.7\ , the function 

g = (log/)' = ^ 

is elliptic on T" = C/Za;i + 12.002. g has a simple pole at each zero or pole 
of /. By Lemma 13^1 if / or 1 // is singular at z = then g has no zero and 
we get a contradiction. So / is regular at z = 0, /(O) 7^ and g has two 
simple zeros at and 0^2 • 

Let <7{z) = exp Ci'^) = z + • • • be the Weierstrass sigma function 
on T". a is odd with a simple zero at each lattice point. Then 

(3.19) g(z)=^ f "'w"t 

(j{z — a)o-{z — h) 

for some a, h with a + h = lo2- 
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From (|3.7|), we have g{z + CV2) = —g{z). So a + CO2 = b (mod coi,2co2)- 
Since the representation of g in terms of sigma functions is unique up to the 
lattice {coi, 2002}, there is an unique solution of [a, h): 

(3.20) a = -f; = f + a;^. 

Notice that the residues of ^ at fl and b are equal to —Ar and Ar respec- 
tively, where 

_ a{\coi)a{\LOi + W2) 
a{coi + 0)2) 

We claim that Ar = ±1. Since 



/(z) = exp j g{w) div 



is well defined, by the residue theorem, we must have Ar = m for some 
ra G Z. Moreover one of fl, b is a pole of order \m\ and then by Lemma ISTTl 
we conclude that m = ±1. 

Conversely, by picking up a, b and A = 1/r as above, /(z) is a uniquely 
defined meromorphic function up to a factor /(O). There is an unique 
choice of /(O) up to a norm one factor such that c := f{co2)f{0) has |c| = 1. 
Thus by integrating ^(z + 0^2) = —g{z) we get/(z + a;2) = c//(z). 

By integrating g{z + a;i) = ^(z) we get /(z + toi) = c'/(z) where 

c=^ = expy^ 

To evaluate the period integral, notice that g{\coi + u) = —g{\coi — m). By 
using the Cauchy principal value integral and the fact that the residue of g 
at \lo is ±1, we get 

(3.21) / g{z) dz = ±- X Ini = ±m 

Jo 2 

and so c' = —1. 

Thus / gives rise to a solution of (|3.1|) for p = 47r. The developing map 
for the other choice A = — l/risl//(z) which leads to the same solution. 
The proof is completed. □ 

Since equation (|3.1|l is invariant under z 1-^ — z, the unique solution is 
necessarily even. 

4. An Uniqueness Theorem for p e [4/1, Stt] via Symmetrizations 

From the previous section, for p = 8tz, solutions to the mean field equa- 
tion exist in a one parameter scaling family in A with developing map / 
and centered at a critical point other than the half periods. By choosing 
A = — log 1/(0) I we may assume that /(O) = 1. Then we have 
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Consider the particular solution 

|f'(z)|2 

<^)='^+^^?' (1+|/(Z)P)2 - 

It is easy to verify that u{—z) = ii{z) and u is the unique even function in 
this family of solutions. In order to prove the uniqueness up to scaling, it is 
equivalent to prove the uniqueness within the class of even functions. 
The idea is to consider the following equation 



(4.1) 



Am + jOe" = pSo and 
m(— z) = u{z) on T 



where p G [An, 8tz]. We will use the method of symmetrization to prove 

Theorem 4.1. For p S [An. 8n] . the linearized equation of (14. ID is non-degenerate. 
That is, the linearized equation has only trivial solutions. 

Together with the uniqueness of solution in the case p = Arc (Theorem 
I3.2|l , we conclude the proof of Theorem ll.2l by the inverse function theorem. 

We first prove Theorem [LH the Symmetrization Lemma. The proof will 
consist of several Lemmas. The first step is an extension of the classical 
isoperimetric inequality of Bol for domains in with metric e^"\dx\^ to the 
case when the metric becomes singular. 

Let n C be a domain and w G C^{Cl) satisfy 



(4.2) 



Aiu + e'" > in n and 
e'" dx < 8n. 



in 

This is equivalent to saying that the Gaussian curvature ofe^\dx\^ is 

K= --e-'^Aiv < -. 
2 ~ 2 

For any domain (s O, we set 

(4.3) m{co)= f e'"dx and e{dco) = f e'"'^ds. 

J CO Jdw 

Bol's isoperimetric inequality says that if Q is simply-connected then 

(4.4) 2f{dco)>m{oo){8n-m{co)). 

We first extend it to the case when w acquires singularities: 

{Aw + e'" = IncijSp. in O and 
J^e'"dx<87z, 

withay >0,j = 1,2,..., N. 
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Lemma 4.2. Let Clbe a simply-connected domain and wbea solution of i4.5i , or 
more generally a sub-solution with prescribed singularities: w{x) — J^j a.j log \ x — 
Pj\ e C^(n). Then for any domain ca <^ Cl, we have 

(4.6) 2f{dLo)>m{co){B,n-m{co)). 

Proof. Define v and We by 

w{x) = ^ ay log \x - Pj\+ v{x), 
i 

i 

By straightforward computations, we have 

Aa;,(x)+e"'^W 

= E (|,_y+,2)2 + (rid- - + ^'T^'' - n 1^ - P;r^) > 0. 

Let 4 and be defined as in (|4.3|) with respect to the metric e^^'^^^\dx\^ . 
Then we have 

2£l{dco) > mi;{w){8n - m^{co)). 
By letting e ^ we obtain (|4!6)) . □ 

Next we consider the case that some of the ocj's are negative. For our 
purpose, it suffices to consider the case with only one singularity pi with 
negative ai (and we only need the case that ai = —1). In view of (the proof 
of) Lemma l4!2l the problem is reduced to the case with only one singularity 
pi . In other words, let w satisfy 

(4.7) Aw + e"" = -2nSp^ in O. 

Lemma 4.3. Let w satisfy i4.7\l with O simply-connected. Suppose that 

(4.8) / e'^dx < 47r, 

.Jo. 

then 

(4.9) 2f{dco) > m(a;)(47r -m{co)). 
Proof. We may assume that pi = 0. If ^ a; then 

2f{dco) > m{co){8n - m{w)) > m(a;)(47r - m{co)) 

by Bol's inequality trivially. If G a;, we consider the double cover O of Q 
branched at 0. Namely we set Q = /^^ (Q) where 

X = f{z) = for z e C. 

The induced metric e^\dz\^ on Q satisfies 
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That is, the metric potential v is the regular part 

v{z) := w{x) + log |x| + log4 = w(z^) + 21og |z| + log 4. 

By construction, v satisfies 

At; + e'' = inn\{0}. 

Since v is bounded in a neighborhood of 0, by the regularity of elliptic equa- 
tions, v{z) is smooth at 0. Hence v satisfies 

Ay + = in O. 

Let Co = f-^(co). Clearly dco C /''^(dco). Also 

/(8d>) < 2/ (8a;) and m{w) = 2m{cv), 

where 

/(8a)) = / e^^^ds and m(a)) = / e'^ dx. 

JdCo Jw 

By Bol's inequality, we have 

Afidco) > f(dcd) > ^m{u)){8Tt-m{co)) = m{co){8n - 2m(co)). 

Thuslf {dto) >m{co) {4:71:- m{cv)). □ 

Lemma 4.4 (Symmetrization I). Let CI C M.^ be a simply-connected domain 
with G O and let vhea solution of 

Av + e" = -iTzSo 

in O. If the first eigenvalue of A + e^ is zero on Q then 

(4.10) [ e^dxy In. 

JO. 

Proof. Let ^ be the first eigenfunction of A + e^: 

, , J Ai/J + e^i/; = in O and 

^ ' { ^ = on 80. 

In K.-^, let U and f be the radially S5nmmetric functions 

2 

U(x) = log — , , and 

^ ^ ^ (1 + |x|)2|x| 



(4.12) 

82 18 1 82 

A = 

(4.13) 



^ l + \x\ 
1 82 

From A = — r- H — t;- + -^t—^, it is easy to verify that U and <» satisfy 
8r2 r 8r r2 802 ^ ■' 



AU + e^ = -2nSo and 
A(p + 6^(^ = inR2. 

For any i > 0, set Of = {x G Q | t/;(x) > t} and r(^) > such that 
(4.14) / e^Wdx= / e^Wdx, 
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where B^(t) is the ball with center and radius r{t). Clearly r(f) is strictly 
decreasing in f for t S (0, maxj/^). In fact, r(f) is Lipschitz in f. Denote 
by xf}* (r) the symmetrization of tp with respect to the measure e^(^) dx and 
e"(^) dx. That is, 

ip*{r) = sup{f I r < r{t)}. 

Obviously is decreasing in r and for t G (0, maxt/^), = f if and 

only if r(f) = r. Thus by (|4.14|) , we have a decreasing function 

(4.15) f{t) := / e^(^) = / dx. 

J{i/J*>i} ■j{'P>t} 

By Lemma |431 for any f > 0, 

(4.16) 2e\{ip = t})>f{t){4n-f{t)). 

We will use inequality (|4.16|) in the following computation: For any f > 0, 
by the Co-Area formula, 

hold almost everywhere in f . Thus 

("7) K^->'"*)'(^->^*) ' 

= -f{{f = t})f{t)-' 

> -i/(l)(47r-/(())/'(f)-'. 
It is known that tp* G Hg(B,,(o)) and the same procedure for tp* leads to 
d 



^ [ \Vtp*\^dx= [ \Vtp* 
dt J{^*>t} J{f*=t} 



ds 



(4.18) - yj{r^,} (/|,..,} \^\ 

= -i/(f)(47^-/(f))/(^)-^ 
with all inequalities being equalities. Hence 

d 



dt 



I \V^\^dx>--[ \Vtp*\^ds 
J{xp>t} at .J{tp*>t} 
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holds almost everywhere in f . By integrating along t, we get 

/ \Vtpfdx > I \V^p*\^dx. 

Since and i/?* have the same distribution (or by looking at — / f {t)t^ dt 
directly), we have 



Therefore 



0= /" \V\p\^dx- f e>2dx> / \Vip*\^dx- f e^xp*^dx. 



(0) °r(0) 



This implies that the linearized equation A + e^(-^) has non-positive first 
eigenvalue. By (|4.12|l , this happens if and only if r(0) > 1. Thus 



f e^(^) dx= [ e"(^) dx > 2n 



(0) 

□ 

Remark 4.5. (See 111.) By applying symmetrization to Av + = in O with 
Ai(A + e^) =0, the corresponding radially symmetric functions are 

!J(x) = -21og(^l + ^|x|2^ and cp{x) = ^^^. 

The same computations leads to e° dx > 47r. 

A closer look at the proof of Lemma 14.41 shows that it works for more 
general situations as long as the isoperimetric inequality holds: 

Lemma 4.6 (Symmetrization II). Let Q C foe fl simply-connected domain 
and let vbea solution of 

Av + e' = 2Ticcj3p. 

in n. Suppose that the first eigenvalue of A + e^ is zero on Cl with cp the first 
eigenf unction. If the isoperimetric inequality with respect to ds^ = e°\dx\^: 

m{co){ATi — m{co)) 

holds for all level domains co = {(p >t} with t > 0, then 

dx > In. 

n 

Notice that we do not need any further constraint on the sign of Oi^. 

For the last statement of Theorem |1.4i the limiting procedure of Lemma 
14.21 implies that the isoperimetric inequality (Lemma I4.3|) and symmetriza- 
tion I (Lemma 14.41 ) both hold regardless on the presence of singularities 
with non-negative a. 



(4.19) 



22 CHANG-SHOU LIN AND CHIN-LUNG WANG 

Indeed the proof of Lemma 1431 can be adapted to the case 

with cij > for / = 2, . . . ,N. On the double cover Q — > O branched over 
pi = 0, the metric potential v{z) again extends smoothly over z = and 
satisfies 

Av + e^ = £'j'=^27z^jiSq. + S^,), 

where S O are points lying over pj. The remaining argument works 

by using Lemma l42l and we still conclude 2£^(3a;) > m{co) (47r — m{co)). 
Thus the proof of Theorem ll.4l is completed. 

Proof, (of Theorem l4.1l ) Let u be a solution of equation (|4.Hl . It is clear that 
we must have Jj e" = 1. Suppose that cp{x) is a non-trivial solution of the 
linearized equation at u: 

Af + jOe" cp = and 
(p{z) = (p{—z) in T. 

We will derive from this a contradiction. 

Since both u and cp are even functions, by using x = p{z) as two-fold 
covering map of T onto = C U {oo}, we may require that p being an 
isometry: 

Namely we set 

(4.20) y(x) := m(z) -log|p'(z)p and ip{x) := (p{z). 

There are four branch points on C U {oo}, namely po = p(0) = oo and pj = 
ej := p{LOj/2) for j = 1,2,3. Since p'(z)^ = 4 n/=i — ^;)/ by construction 
v{x) and \p{x) then satisfy 

(4 21) / ^^ + Pe'' = j:U-2n)S,, and 

\ Axp + pe''xp = in]R2. 

To take care of the point at infinity, we use coordinate y = 1 / :c or equiv- 
alently we consider T — > via y = l/p(z) ~ z^. The isometry condition 
reads as 

e"^'^\dz\^ = e^^y^\dy\^ = e^^y^\f^\dz\\ 



Near y = we get 



M!,)=«(z)-logi^~(i-l)log|!,|. 

Thus p > An implies that po is a singularity with non-negative ocq: 

-.3 



Aw + pe'" = ao^o + Ylj=i(~^^)^^/pr 
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In dealing with equation (|4.1|l and the above resulting equations, by re- 
placing u by w + logp etc., we may (and will) replace the p in the left hand 
side by 1 for simplicity. The total measure on T and are then given by 

/ e"dz = p< 87T and / e" dx = ^ < 4n. 
Jt ^ ~ V 2 " 

The nodal line of xp decomposes into at least two connected compo- 
nents and at least two of them are simply connected. If there is a simply 
connected component O which contains no pj's, then the symmetrization 
(Remark |45)) leads to 

/ e^dxy 471, 
Jq 

which is a contradiction because R^\n ^ 0. If every simply connected 
component O,, i = 1, . . . ,m, contains only one pj, then Lemma l44l implies 
that 

/ dx > In for i = \, . . . ,m. 

Ja.i 

The sum is at least 2mn, which is again impossible unless m = 2 and = 
Oi U CI2. So without lost of generality we are left with one of the following 
two situations: 

r2 U {oo}\{j/7 = 0} = Q+ U O- 

where 

Q+ C {x I tp{x) > 0} and Q_ D {x | tp{x) < 0}. 
Both Q_|_ and Q_ are simply-connected. 

(1) Either n_ contains pi, p2 and G 0+ or 

(2) pi e n_, p3 G Q+ and p2 G C = 9Q+ = dO, . 

Assume that we are in case (1). By Lemma |43l we have on 0+ 

(4.22) 2^2({t/7 = f}) > m{{xp > f})(47r - m({j/7 > t})) 
for t > 0. 

We will show that the similar inequality 

(4.23) 2f{{xp = t}) > m{{xl) < f})(47r - m{{xp < t})) 

holds on n_ for alH < 0. 

Let t < and a; be a component of {tp < t}. 

If CO contains at most one point of pi and p2, then Lemma l43] implies that 

2e^{dco) > {'iTi-m{co))m{co). 

If to contains both pi and p2, then R^ U {co}\a; is simply connected 
which contains ps only. Thus by Lemma l43l 

2f{dco) > (47r-m(R2\a;))m(R2\a;) 

(4.24) = {4:n-p/2 + m{co)){p/2-m{co)) 

= (47r - m{oo))m{(jo) + (4/1 - p/2){p/2 - 2m{co)). 
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Since p < Src and J^^ e°dx > 2n, we get 

^= f e"> f e" + f e" >2n + m(co)>2m(cv). 
2 Je? Jn+ Jco 

Then again 

2f{dco) > (4:71 - m{co))m{co) 

with equality holds only when p = 8tz and m{co) = 2n. 

Now it is a simple observation that domains which satisfy the isoperi- 
metric inequality (I4.9D have the addition property. Indeed, if 2a^ > (An — 
m)m and 2lP- > (47r — n)n, then 

2(fl + = 2a^ + 4fl& + 2b^ > (4/1 - m)m + (47r - n)n 

= 47r(m + n) — {m + nf- + 2ran > (4/1 — (m + n)) (m + n) . 

Hence (l423l) holds for all f < 0. 

Now we can apply Lemma l46l to Q_ to conclude that 

/ e''dx = 2n 

(which already leads to a contradiction Hp < 8n) and the equality 

2f{{xp = t}) = (47r - m{{ip < t}))m{{ip < t}) 

in (|4.23|) holds for all f G (mini/?, 0). This implies that {ip < t} has only 
one component and it contains pi and p2 for all t G (mini/?, 0). But then tp 
attains its minimum along a connected set (min rp) containing pi and 
P2, which is impossible. 

In case (2), p < 8n again leads to a contradiction via the same argument. 
For p = 8n, we have 

/ e"dx= I dx = 2n 
and all inequalities in (|4.17|) are equalities. So under the notations there 

( / e'/^dx] = I \Vxp\ds I T^ds 
yjdd, J JdQ, JdOt |Vi/?| 

for all t G (mino i/?, maxn^ tp). This implies that 

\Vxpf{x) = C{t)e'<''> 

almost everywhere in ip^^{t) for some constant C which depends only on 
t. By continuity we have 

(4.25) |Vt/;p(x) = C(t/;(x))e"W 

for all X except when ^{x) = maxn^ ^ or tp{x) = minn_ ^■ 
By letting x = p2 S tp^^{0), we find 

C(0) = |Vi/?|2(p2)e-"(P^) = 0. 
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By (|4.25|) this implies that |Vt/^(x)| = for all x e t/7"^(0), which is clearly 
impossible. Hence the proof of Theorem l4.1l is completed. □ 



Since equation has an unique solution at p = 47r, by the continua- 
tion from p = 47r to Stt and Theorem l4.1l we conclude that (|4.1|) has a most 
a solution at p = S/r, and it implies that the mean field equation (|1.2|) has 
at most one solution up to scaling. Thus, Theorem II. 21 is proved and then 
Theorem [L3] follows immediately. 

5. Comparing Critical Values of Green Functions 

For simplicity, from now on we normalize all tori to have coi = 1,C02 = t. 

In section 3 we have shown that the existence of solutions of equation 
(|1.2|) is equivalent to the existence of non-half-period critical points of G(z). 
The main goal of this and next sections is to provide criteria for detecting 
minimum points of G(z). The following theorem is useful in this regard. 

Theorem 5.1. Let zq and zi he two half -periods. ThenG{zo) > G(zi) if and only 
if\p{zo)\ > \p{zi)\. 

Proof. By integrating (|2.7|) , the Green function G(z) can be represented by 

(5.1) G(z) = -i-Re J (^z) - //iz) dz + ly^ + ^(t). 

Thus 



(5.2) G(f)-G(f)=ijRe/^'«W-„z)rf.. 

Set F(z) = [,{z) — r]iz. We have F(z + a;i) = F(z) and 

f('-f)-'.('-f)-<f -')-'"(-f)^ 

= -^(^-^)+'/2-'/l(^+^ 



Kf-')-"(f-' 
^(f -')-'.(¥-' 



+ rj2- rjicvi 
- Ini, 



hence Ref (^^^2 + is antisymmetric in f G C. 

To calculate the integral in \5.2\ , we use the addition theorem to get 

"'^'^ -rfz-^)+^(z + ^)-2az) 



p{z)-ei n 2/ n 2 



F(z-f)+4 + f)-2F(z). 

Integrating it along the segment from \co2 to \co^, we get 

logfm^= / F(z)dz+ f Fiz)dz-ll F{z)dz, 
ei — ei .J Li Jl2 .Jls 
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where Li is the line from ^{coz — to \c02, L2 is the line from 50^3 to 
jC02 + coi and L3 is the line from ^C02 to jco^. Since F(z) = F(z + coi) and 
Re F(z) is antisymmetric with respect to 20^2/ we have 

log J~l^ = 2 J F{z) - 4 y f (z) dz = -2m - 4 / f (z) dz, 



62 - ei 



L3 



where L is the line from ^ (0^2 — o^i) to Icos. Thus we have 



log 
That is, 
(5.3) 



£3 - ei 



62 - ei 



-4 Re 



^ f(z)rfz = -8zr^G(f)-G(f 



V 2 7 V 2 



Stt 



3g 



62 - ei 



63 - ei 



Similarly, by integrating (I2.7D in the a;2 direction, we get 



(5.4) 



G 



2 / 



V 2 7 27r 



Re/ (^z) - dz. 



The same proof then gives rise to 
(5.5) 



=1 



2 



Stt 



log 



ei - 62 



63 - 62 



By combining the above two formulae we get also that 



(5.6) 



V 2 7 V 2 



Stt 



3g 



ei - fa 



62 - 63 



In order to compare, say, G{^cl>i) and G(2a;3), we may use (|5.5|) . Let 

63-62 

A = . 

ei - 62 

By using ei + 62 + 63 = 0, we get 

63 _ 2A - 1 
6^ ~ 2- A ■ 



(5.7) 



It is easy to see that |2A — 1| > |2 — A| if and only if |A| > 1. Hence 

> 1 if and only if |A| > 1. 



The same argument applies to the other two cases too and the theorem 
follows. □ 

It remains to make the criterion effective in t. Recall the modular func- 
tion 

63 - 62 



A(t) = 



61 — 62 
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By (|5.3|), we have 

(5.8) G(f)-G(f)=jL,og|AM-l|. 

Therefore, it is important to know when |A(t) — 1| = 1. 
Lemma 5.2. |A(t) — 1| = 1 if and only ifReT = \. 

Proof. Let p(z; t) be the Weierstrass p function with periods 1 and t, then 



p(z;t) = p(z;t). 
For T = 2 + Jfc, t = 1 — T and then p(z; f ) = p(z; t). Thus 



1 



(5.9) p(z;t) = p(z;t) for T = - + ih. 

Note that if z = ^co2 then z = ^0)2 = 5(1 ~ <^2) = ^^^^s (mod LjOi,<j02) 
Therefore 

62 = 63 and e\ = ei. 
Since ei + 62 + ^3 = 0, we have 

1 

(5.10) Re 62 = ~2^^ ^'^'^ Ime2 = — Ime3. 
Thus 

63 - ei 



(5.11) |A(t) -1| = = 1. 

62 — ei 

A classic result says that A'(t) 7^ for all t. By this and (|5.11|) . it follows 
that A maps { t | Re t = ^ } bijectively onto { A(t) | | A(t) — 1| = 1 }. □ 

Let Q be the fundamental domain for A(t), i.e., 

O = {t G C I |t-1/2| > 1/2, < Rer < 1, Imr > 0}, 

and let Q' be the reflection of O with respect to the imaginary axis. 

Since G{^cl>3) < 0(21^2) for t = ib, we conclude that for t G Q' U Q, 
|A(t) - 1| < 1 if and only if |Re t| < j. Therefore for t G Q' U Q, 

|ReT|<i if and only if g(^) < g(^). 

For |t| = 1, using suitable Mobius transformations we may obtain simi- 
lar results. For example, from the definition of p, ( I5.9D implies that 

(5.12) p(z) = (L±1YJ1±1, 



and so (compare (|2.3|) ) 

(5.13) G(z) = Gf^z 



28 CHANG-SHOU LIN AND CHIN-LUNG WANG 

Clearly, for z = \t, (|5.13|) implies that G{\co2) = G{\coi). So 

62 - 63 



(5.14) kl = 1 if and only if 



ei - 63 



1, 



(5.15) |t|<1 ifandonlyif g(^)<g(^). 
Similarly, 

(5.16) |t-1|<1 ifandonlyif g(^)<g(^). 

6. Degeneracy Analysis of Critical Points Along Re t = i 

By (|2.7|), the derivatives of G can be computed by 

^^^^ 2nG, = Re{r]it + r]2S-m), 

-2nGy = lm{r]it + r]2S-(,iz)). 

When T = 2 + ib, since p(z) is real for z G R, /yi is real and ^6.1} becomes 

1 

^g2) 27rG;, = /yif + -;/is-Re^(z), 

27rGj/ = Im^(z) + {2n - r]ih)s. 
Thus the Hessian of G is given by 

InG^x = Rep(z) +71, 

(6.3) 



2nGxy = -lmp(z). 



27rGy^ = - ^Re p{z) + 771 - . 

We first consider the point ^cvi- The degeneracy condition of G at 
reads as 

27T 

ei + r]i =0 or ei + //i ^ ^ ^• 

We will use the following two inequalities (Theorem II. 7p whose proofs 
will be given in §8 and §9 through theta functions: 

(6.4) ei {b) + rji [b) is increasing in b and 

(6.5) is increasing in fc. 

Lemma 6.1. There exists bo < ^ < bi < \/3/2 such that jcoi is a degenerate 
critical point of G{z;t) if and only if b = bo or b = bi. Moreover, ^loi is a 
local minimum point of G{z;t) ifbE {bo,bi) and is a saddle point o/G(z;t) if 
b e (0,bo) orh e (fci,oo). 

Proof. Let bo and bi be the zero of ei + ?/i = and ei + t]i — 2n/b = 
respectively. Then Lemma 16.11 follows from the explicit expression of the 
Hessian of G by ((6!4)) . □ 
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Numerically we know that bi 0.7 < \/3/2. Now we analyze the 
behavior of G near ^cvi for h > hi. 

Lemma 6.2. Suppose that h > bo, then \loi is the only critical point of G along 
the X-axis. 

Proof. p{t; t) is real if f G R. Since p'{t; r) 7^ for t 7^ \ooi, p'{t; t) < for 
Q <t < \loi. Since h > bo, by (|6.3|) , (|6.4|) and Lemma l6Jl 

27rGxx(0 = + ?/i > ei + ?7i > 0, 
which implies that Gx{t) < Gxi'^'^i) = if < f < ^cvi. Hence G has no 
critical points on (0, ^Wi). Since G(z) = G(— z), G can not have any critical 
point on ( — 2a;i,0). □ 

By Lemma 16.11 and the conservation of local Morse indices, we know 
that G(z; t) has two more critical points near ^coi when b is close to bi and 
b > b-[. We denote these two extra points by Zo(t) and — zo(t). In this 
case, ^cvi becomes a saddle point and zo(t) and — Zo(t) are local minimum 
points. From Lemma |5^ (|5.15|) and (|5.16|) we know that 



Thus in this region ±zo(t) must exist and they turn out to be the minimum 
point of G since there are at most five critical points. In fact we will see 
below that this is true for all b > hi and \co2, \<X!^ are all saddle points. 

Lemma 6.3. The critical point zo(t) is on the line Rez = Moreover, the Green 
function G(z; t) is symmetric with respect to the line Rez = 2- 

Proof. Representing the torus T in question by the rhombus torus with sides 
T and t = 1 — T, then the obvious symmetries zi— >z, zi-^1 — zofT and 
Theorem ll.2l show that zq ( T ) must be on the x-axis or the line Re t = ^ • The 
former case is excluded by Lemma [6!2l □ 

Let Gi be the restriction of G on the line Rez = \, namely Gi(i/) = 
G{\ + iy). Lemma |631 implies that any critical point of Gi is automatically 
a critical point of G. 

Lemma 6.4. For h > bi, Gi (y) has exactly one critical point in (0, b). This point 
is necessarily a non-degenerate minimal point. 

Proof. Let z = tcoi + sco2- Then Rez = ^ is equivalent to 2f + s = 1, which 
implies z = (i + s)a;i — SCO2 = — z. By (|5.9|) 



g[^) < G(f ) = G(f ) if i,. < 6 < v/3/2 



p(z;t) = p(z;t) = p(-z;t) = p(z;t). 
Hence p(z; t) is real for Rez = By (|6.3|) , 
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Since dp/dy = ip'{z;T) ^ for z 7^ ^coi and Rez = \, Gyy{z) has at 
most one zero. Let Zq (t) be the critical point above (which exists at least for 
b > bi and close to bi). Then Gy(zo(T)) = Gy{^coi) = and so Gyy{zo) = 
for some zq in the open line segment (5a;i,zo(T)). Since 2nGyy{\coi) = 
— (ei + y]i — 2n/b) < 0, we have Gyy(zo(T)) > 0. Hence zo(t) is a non- 
degenerate minimum point of Gi as long as it exists with b > bi. 

By the stability of non-degenerate minimal points (here for one variable 
functions), we conclude that zo(t) exists for aWb > bi. □ 

Lemma 6.5. If p" {zo{t);t) = then t = (1 + ^30/2. 

Proof. Let zo = ^o<^l + sqcoz- If p" (zq; t) = 0, by the addition theorem (|2.12|) 

^{2zo) =2^{zo) =2{to?]i+So?]2), 

so 2zo is also a critical point. Note that Re 2zo = 1. Since 2zo — 1 + cui is also 
a critical point with Re (2zo — 1 + C02) = \, we have either 2zo — 1 + CV2 = 
—Zq or 2zo — 1 + 0^2 = Zq. The later leads to Zq = 1 — 0^2 = ^3, which is not 
impossible. Thus we have 2zo = — zq in T and p(2zo) = p(— zq) = p{zo). 
By the addition theorem for p, 

(6.6) p(zo) = p(2zo) = -2p(zo) + ^ (^-j^) = -2p{z,). 



Therefore p{zq) = 0. Together with 2p" = 12p^ — g2 we find g2 = 0, which 
is equivalent to that t = (1 + \/3i)/2. □ 

We need also the following technical lemma: 

Lemma 6.6. p maps [\oo2, \co3\ U (1 — C02), \cv2\ one to one and onto the circle 
{w \ \w — ei\ = \e2 — ei\}, where e2 = 63, p{\{(^i + 1^3)) = ei — \e2— ei\ < 
and p{\) =ei + \e2-ei\ > 0. 

Here [2(^2, 2ix'3] means segment {^C02 + t \ < t < and [^(l — 
C02), \co2] is {| + z'f I |f I < |}. Thus, the image of [\cl>2, ^003] is the arc con- 
necting e2 and e^, through p{\{t02 + to^)) and the image of [^(l — CO2), ^^^i] 
is the arc connecting e^ and £2 through p(^). See Figure 4. Note our figure 
is for the case ei > 0, i.e., b > ^. In this case, the angle Ze3eie2 is less than 
71. For the case ei < 0, the angle is greater than n. 



Proof. First we have 

(6.7) 47r(G(z)-G(z,^)) =log|p(z)-p( 

Since G{^cl>2, ^cvi) = G(2i^2 — = G{^t02), 



2" 



C. 



(6.8) 47r(G(z)-G(z,^)) = log 



p{z) - ei 



62 - ei 
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/^3 


















\e2 







Let z 



Figure 4. The image of the mapping z 
jC02 + t,t ER.We have 



t 



Oh 

2 



C02 



G(z) 



By 

62 - ei 

Since p(z) is decreasing in y for z 



1 for z 



a;2 



< p(l/2) =ei. 



4 y " V2 2. 

Thus p{\{co2 + t^s)) = ^1 — — ei | and the image of [\co2, \co3\ is exactly 
the arc on the circle {w \ \'w — ei \ = |e2 — ei | } connecting 62 and 63 through 
p[\{^2 + "^3))- It is one to one since p'(z) 7^ for z = ^a;2 + f, t 7^ 0. 
Next letz = \ + it. Then we have 



G(z- — 



= G| 
G(z). 



1 

4+" 



1 

4-" 



Thus by (I6.8D again, 

b(z) 



f^i 



|e2 — ei| for z 



1 

4+"- 



Since p{t) is decreasing in f for t G (0,^), > ^(5). So 

ei + \e2 — ei \ and the image of [^(l — CO2), ^(^2] is the arc of { if | — ei | 
k2 — ^1 1 } connecting 63 and 62 through ei + \e2 — ei\. 

We are ready to prove the main results of this section: 



□ 
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Theorem 6.7. For b > bi, ±zo(t) are non-degenerate (local) minimum points of 
G. Furthermore, 



(6.10) 



< Imzo(T) < -. 



Proof. We want to prove Gxx(zo(t);t) > Oandlmzo(T) < b/1. By (|63)) . 
27rG;,x(zo(T);T) = p(zo(t);t) +r]i. 
Note that eie^ + 62^3 + 61^3 = |e2p — 4 ^^"^ 
(6.11) p"(z)=2(3p2(z) + |e2p-|ei|2). 

As in (15. 7D , in terms of A(t), 

ei A — 2 

Thus 



62 



From here, we have 



7^ for b ^ \, which impHes that 



db 



< 



for b > \. Therefore at t = ^(1 + \/30 (where p{zq{t)) = 0) we have 



(6.13) 



^p"(zo(t);t) 



< 0. 



Since p"(zo(t);t) = at t = (1 + A/3f)/2, we have p"(zo(t),t) < for 
b > 1/3/ 2 and sufficiently close to \/3/ 2. By Lemma 1631 we then have that 
p"(zo(t); t) < for all b > V3/2. Thus 



(6.14) 
and 

(6.15) 



|p(zo(t);t) 



< 



f/i + p(zo(t);t) > r]i 



> rji 



ki 



F2 



where |e2p = |eip/4+ |Ime2|^ > |ei p/4 is used (cf. (I5.10|) ). 

Later we will show that ?;i > ^^i always holds (this is part of Theorem 
ll.Zl to be proved in §9, another direct proof will be given in (|6.22|) ). Thus the 
non-degeneracy of zo(t) for b > \/?>/2 follows. 

For bi < b < v/3/2, write zq{t) = to{T) ■ 1 + (1 - 2fo(T))T. It is clear 
that when b b+, to 1/2. We claim that to{T) > 1/3 if fci < b < a/3/2. 
For if toi^r) = 1/3, i.e. zo(t) = ^103, then 2zo(t) = — zo(t) is also a critical 
point. By the addition formula of ^ we get p"{^cv3) = 0, and then Lemma 
I6.5| implies that b = \/3/2, which is a contradiction. 
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Note that by (|6.6|), it is easy to see for t = ^ + ib, 



2 



(6.16, 12p(f ^ (^^ii-ill) ff4H) <»• 

Hence by the monotone property of ^(^ + iy, t) in y S (0, b), it decreases 
to —00 when y ^ b and 

(6.17) p(zo(t);t)>p(^;t). 

Let /(b) := p{\co3;t) + \ei{T). We have f{\) = pi^cos; \{1 + i)) < 
and /(a/3/2) = iei(i(l + a/3/)) > 0. Therefore there exists a Tq = ^ + ibo 
such that f{bo) = 0. For this Tq and at z = ^cos we compute 

3 /^i , \ ^1 , 

p-ei = --ei, p_e2 = -(^— +e2j, P - = — + 62, 



(6.18) ^ 4(p_g^)(p_g2)(p_e3) = 6ei(^J- + £-2 

^" = 2Ei<.</<3(^ - ^0(P - ^'/O = -2( Y + ^2 
Plug in these into we solve 



(6.19) — = - - ± 3z and then 

ei 2 
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Numerically at b = bi, \eile\\^ ~ 3.126 < 37/4. By the decreasing 
property of \erl e\ \ (c.f. (|6.13|) ) we find that tq is unique with b\> bQ. Thus 
+ \^\ = f{b) > for b > bi. Together with (l6l7l) . 

1 

p(zo (t), t) + //I > /71 - -ei > 

for bi <b < a/3/2. The completes the proof of Gxj(zo(t);t) > 0. 

It remains to show that Imzo(T) < b/2. This has already been proved 
in the case bi < b < a/3/2 since to{T) > 1/3. For b > a/3/2, from the 
continuity of Zo(t) in b and p"(zo(t), t) < it is enough to show that 

p"(l + l:bi;T) =p"(]{cv2 + cv3)) > 0. 



.2 ' 2 'J ' V4 

Since 

// 1 /2/ 1 1 1 



+ 



2 VP-^"! p-e2 p-e3, 

the positivity at 5(0^2 + 1^3) follows from p'^ < and the negativity of the 
right hand side via Lemma 16.61 Figure 4. □ 

Now we discuss the non-degeneracy of G at ^002 and ^003. The local 
minimum property of Zq (r) is in fact global by 
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Theorem 6.8. For t = \ + ib, both \oo2 and \a}^ are non-degenerate saddle 
points ofG. 

Proof. By (|6.3|), we have 

2nGxx (^) = Ree2 + r]i = t]i - ^ei, 



(6.20) 27rG;,y(^) = -Ime2, 

^ /'C02\ 2n 1 
2^Gyy(^— j = — + -ei-r]i. 

Hence the non-degeneracy of ^co2 is true if 

(6.21) llmeil^ > (jji - ^ei^ + ^ei - //i 
First we claim that 

(6.22) rjt - ^ei > 
and 

(6.23) ^ + >0. 



To prove (|6.22|) . we have 



5 /C02 



(6.24) -rj^=2j^ ^ep[-f + tyt, 

where p{\co2 + t) = p{\co2 — is used. By Lemma |631 



Rep(^ + f) < -^ei, foralHG (0,i), 



hence — f]i < —\ei. To prove (|6.23|) , we have 



1 

-2?/2) = z(27r - 



Therefore, 



(27r - b/yi) = j'^ Re p(- + if) df > --eih 



and the inequaHty (|6.23|) follows. 

To prove (|6.21|) , we need two more inequalities. By (|6.24|l , 

(6.25) -rji>p\^ j = ei-\e2- ei\, 

and by Lemma |631 

(6.26) {In - bi]i) < p{l/4)b = (ei + \e2 - ei\)b. 
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Thus 



1 \ (In 1 \ /, ,3 



I |2 9 2 IT |2 

= 1^2 - eif - = |Ime2r, 

Therefore, the non-degeneracy of G at 2'^2 is proved. By l|6.21|l , \w2 is 
always a saddle point. Representing the torus T by the rhombus torus with 
sides T and t = 1 — t, then the case for ^oo^, follows from the case for \ijJi 
by symmetry reasons. □ 

7. Green Functions Via Theta Functions 

The purpose of §7 to §9 is to prove the two fundamental inequalities 
(Theorem 1 1.7|) that have been used in previous sections. The natural setup 
is based on theta functions (we take [13] as our general reference). This is 
easy to explain since the moduli variable r is explicit in theta functions and 
differentiations in t is much easier than in the Weierstrass theory. To avoid 
cross references, the discussions here are independent of previous sections. 
Consider a torus T = C / A with A = (Z + Zt), a lattice with r = a + hi, 
> 0. Let c\ = e"^" with \q\ = e^"^ < 1. The theta function i?i(z;t) is the 
exponentially convergent series 

oo 

I?i(z;t) = -/ ^ (_i)n^(n+i)^e(2n+l)7rfe 

(7.1) 

= 2 ^ sin(2n + l)nz. 

(1=0 

For simplicity we also write it as j?i (z) . It is entire with 

i9i(z + l) = -t?i(z), 
(7.2) , , . 

1?i(z + t) = -rj-V2^'^l?l(z), 



which has simple zeros at the lattice points (and no others). The following 
heat equation is clear from the definition 

As usual we use z = x + iy. Here comes the starting point: 

Lemma 7.1. Up to a constant C(t), the Green's function G{z, iv) for the Laplace 
operator A onT is given by 

(7.4) G{z,w) = -^\og\Mz-zv)\ + hlm{z-w)f + C{T). 

In lb 

Proof. Let R{z,w) be the right hand side. Clearly for z ^ w we have 
AzK(z, w) = 1/b which integrated over T gives 1. Near z = w, R{z, w) has 
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the correct behavior. So it remains to show that R(z, w) is indeed a function 
on T. From the quasi-periodicity, R{z + l,w) = R{z, w) is obvious. Also 

R{z + T,w)-R{z,w) = -i-loge^''+2^^/ + ^((y + &)2-y2) =0. 
These properties characterize the Green's function up to a constant. □ 
By the translation invariance of G, it is enough to consider w = 0. Let 



G(z) = G(z,0) 



2ti 



log|j?i(z)| + -y2 + c(T). 



If we represent the torus T as centered at 0, then the symmetry z i— > — z 
shows that G(z) = G(— z). By differentiation, we get VG(z) = — VG(— z). 
If — zo = zo in T, that is Izq = (mod A), then we get VG(zo) = 0. Hence 
we obtain the half periods 5/ and ^ (1 + t) as three obvious critical points 
of G(z) for any T. By computing dG/dz = ^{Gx — zGy) we find 

Corollary 7.2. The equation of critical points z = x + iy o/G(z) is given by 
9G 



(7.5) 



- = ^((log.,). + 2zr.| 



0. 



Remark 7.3. With ^(z) - f]iz = (logi?i(z))2 understood (cf. (|9^ ), this leads 
to alternative simple proofs to Lemma |23l and Corollary 12.41 



We compute easily 
1 



(7.6) 



Gx 
G, 

Gxx 
Gxy 



2n 



Re (log d 



l-Re(logt9i)z/ + ? = ;^Im(logt?a). + |, 



2n 

-i^Re(logi9i),„ 
1 

+— Im(log J?i)z2, 

ZTT 
1 



27T 



— Re(logt9i)2z/' + ^ = i-Re(logt?i),, + l 



and the Hessian 

Gxx Gxy 



H 



G 



(7.7) 



^yy 



-1 
4^ 



2tz 



(Re (log!9i),z)' + -^(Re (log!9i),z) + (Im (logJ?i),,)^ 



(log)? 



l)zz 



+ 



n 



Try 



To analyze the critical point of G(z) in general, we use the methods of 
continuity to connect T to a standard model like the square toris, that is 
T = /, which under the modular group SL(2,Z) is equivalent to the point 



MEAN FIELD EQUATIONS ON TORI 37 

T = 2(1 + z) by T 1-^ 1/(1 — t). On this special torus, there are precisely 
three critical points given by the half periods (cf. HI, Lemma 2.1). 

The idea is, new critical points should be born only at certain half period 
points when it degenerates under the deformation in t. The heat equation 
provides a bridge between the degeneracy condition and deformations in 
T. In the following, we focus on the critical point z = ^ arid analyze its 
degeneracy behavior along the half line L given by ^ + ib, G R. 

8. First Inequality along the Line Re t = ^ 
When T = 2 + /fo e L, we have 

00 , 

j?i(z) =2X](-l)"e'''^V^e-^''("+5)%in(2n + l)7rz, 

hence the important observation that 

e-^'/^i?i(z) e R when z G R. 
Similarly this holds for any derivatives of t?i(z) in z. In particular, 

(logI?i)zz = - 

(8.1) 

= Ani^ - (logt9i)2 = 47r(logi9i)b - (logi^O^ 

is real-valued for all z G R and r G L. Here the heat equation and the 
holomorphicity of (log J?i) have been used. 

Now we focus on the critical point ^ = \- The value z = ^ is fixed till the 
end of this section. The critical point equation implies that {\o^-&i)z{\) = 
—Iniy/b = since now y = 0. Thus 

(8.2) (logi?i),, = 47r(logi?i)b 

as real functions in b. In this case, the point ^ is a degenerate critical point 
(H{b) = 0) if and only if that 

(8.3) 47r(logi?i)fc = or 47r(logi?i)b + ^ = 0. 
Notice that as fimctions in fe > 0, 

\^,\ = VS^i^l;! = 2 f;(-l)^e-i"^(2.+i)2 ^ 

n=0 

To see this, notice that the right hand side is non-zero, real and positive for 
large b, hence positive for all b. Clearly (log \ ^i\)b = (logi9i)f,. 

Theorem 8.1. Over the line L, (logi?i)i,;, = (log |j?i|)f,;, < 0. Namely that 
(logi?i);, is decreasing from positive infinity to —tz/A. Hence that Gxx = and 
Gyy = occur exactly once on L respectively. 
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Proof. Denote g-^^/^ h and r = = e-^^'K Since (2n + 1)2-1 = 
4n(n + 1), we get 



(8.4) 



4 

'"4 



n=0 

E(-l)^(2" + l)''-^ 

n=0 

^ , "("+!) 



■42 

9 no 

2'^72 E(-l)~(2« + l)^~- 

^ fj=0 



Denote the arithmetic sum n(n + l)/2 by A„, then 
(8.5) 



_2 00 

= /i2^|i?^|-2 (-l)^«+^'«((2n + l)4- (2n + l)2(2ra + l)2)r^''+^'" 

n,m=0 



= ^ (-l)^»+^'"((2n + 1)2 - {2m + i)2)2^a„+a. 

= 16;i2 7r2|i?i|-2 ^ (-1)^«+^'"(A„ - A;„)2r^«+^»' 

n>m 

= 16h^n^\i)i\-^{-r - 9r^ + 4r^ + 36r^ - 25r^ - 9r^ + 100r^° + •••)• 

We will prove (log |!?i|)fcb < in two steps. First we show by direct 
estimate that this is true for b > ^ (indeed the argument holds for b > 0.26). 
Then we derive a functional equation for (log | i?i | )&{, which implies that the 
case with < b < ^ is equivalent to the case b>\. 

Step 1: (Direct Estimate). The point is to show that in the above expres- 
sion the sum of positive (even degree) terms is small. So let 2k G 2N. The 
number of terms with degree 2k is certainly no more than 2k, so a trivial 
upper bound for the positive part is given by 

(8.6) A = t^i2kfr'' = 8,4 8 -5^^^ + 4^^- 

where the last equality is an easy exercise in power series calculations in 
Calculus. For r < 1/5 we compute 
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{-r -9r^ + A){l-r 



2\4 



r-5r^ + 64r'^ + 30r^ - 40r'^ - 50/ + 32r^ + 35r'' - 8r^° - 9ri^ 



(8.7) 



<-r-5r^ + e-ir* + 30r^ 



< - Sr-^ - r 1 



64 _ 30 \ 
125 ~ 625/ 



11 

-5r^ -2^r<0 



So (log|!9i|)bf, < Ofor = -(logr)/27r > (log5)/27r ~ 0.25615. 

Step 2: (Functional Equation). By the Lemma to be proved below, we 
have for f = (t — 1) / (2t — 1) = a + zfo, it holds that 

(8.8) (log!9i)g(l/2;f) = -i(l - 2t) + (1 - 2T)2(log!?i);,(l/2;T). 

When T = 2 + ib, we have f = ^ + As before we may then replace !?i 
by I J?i I . Under t — > f , [j, oo) is mapped onto (0, ^] with directions reversed. 
Let/(&) = (log|!?i|),,(i,i + /b).Thenweget 



(8.9) 



/(l/4fo) = -2b-^b^f{b). 



Plug in = i we get that /(i) = -1. So -i = /(i) > /(&) for b > i. 
Then 



(8.10) 



-2b + 2fc2 + 4fo^ 



1 
2 



^-2 



i+4&2 



is strictly increasing in fc > That is, /(fc) is strictly decreasing in & G (0, ^J- 
The remaining statements are all clear. □ 

Now we prove the functional equation. For this we need to use Jacobi's 
imaginary transformation formula, which explains the modularity for cer- 
tain special theta values (cf. p. 475 in dl). It reads that for tt' = — 1, 



(8.11) 



?i(z;t) = -2(zV)2e^'^'^'j?i(zT';T' 



Recall the two generators of SL(2,Z) are St = — 1/t and Tt = t + 1. 
Since t?i(z;T + 1) = e^'''^J?i(z; t), T plays no role in (logi9i(z;T))-r. 

Lemma 8.2. Let f = ST'^ST-'^t = (t - 1)/(2t - 1). Then 

(8.12) (log i?i ) t (1 /2; f ) = - ( 1 - 2t) + ( 1 - 2t)2 (log j?i ) , (1 /2; t) . 

Proof. Let t = Sti = — 1/ti, ti = T^^T2 = T2 — 2, = Stj = — I/T3 
and finally T3 = T^^t = t — 1. Notice that for tt' = — 1 we have d/dT = 
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T'^d/dr'. Then 



^logt?i(l/2;f) 



(8.13) 



2 

T2 



log(-z-Ti)2 + mTi(l/2)2 + logj?i(Ti/2;Ti) 
2 d 



^+Ti'^logt?i(Ti/2;Ti) 

2 7rz(T2-2)2 ^ «^ , „ . X 

- + ^ \ ' + (T2 - 2)2— logt?i(T2/2;T2) 



1 




TCi 

+ T 


r-1 1 

2 


2 


r-1 1 

2 


2 


L T3 J 


L T3 J 


+ 


L T3 J 



X 



^ + mT|^ [t3(T2/2)2] +T|^logJ?i(T2T3/2;T3) 

We plug in T2T3 = —1 and T3 = t — 1. It is clear that the second and the 
fourth terms are cancelled out, the first and the third terms are combined 
into 



(8.14) 



11 -2t 



1 -2t 



(T-1) 



2 T-1 

This proves the result. 

By the previous explicit computations, 

/I 1 

(8.15) 

G 



= -(1-2t). 



□ 



-2(logi?i(l/2)),, 
2(logt?i(l/2)),+ 



1 1 

-■,- + ib 

2 2 



A numerical computation shows that Gxxipo) = for bo = 0.35- ■ ■ and 
Gyyibi) = for fci = 0.71 • • • . Hence the sign of (G^xib), Gyy{b)) is (-, +), 
(+, +) and (+, — ) for b < bo, bo < b < bi and bi < b respectively. That 
is, 2 is a saddle point, local minimum point and saddle point respectively. 
This implies that for b — bi + e > bi, there are more critical points near 
2 which come from the degeneracy oi ^ at b = bi and the conservation of 
local Morse index. 



9. Second Inequality along the Line Re t = 5 



The analysis of extra critical points split from ^ also relies on other though 
similar inequalities. Recall the three other theta functions 



MEAN FIELD EQUATIONS ON TORI 



41 



oo oo 

(91) i?4(z;t):= X] (-l)T'e''^'"' = l + 2E(-l)V'cos2n7rz, 

n=-oo fi=l 

-1 oo oo 

i?3(z;t) :=i?4(z + -;Tj = 1 + 2^(1"' COS 2n7rz= ^ q"'e' 

n=l — " 



It is readily seen that J?i(z) = -fe^''2+^''^/'^i?4(z + ir). So the four theta 
functions are translates of others by half periods. 

We had seen previously that (log li^id)!);,^ < over the line Rer = 
This is equivalent to that (log |i?2(0)|);,b < 0. We now discuss the case for 
!?3(0) and !?4(0) where the situation is reversed(!) and it turns out the proof 
is easier and purely algebraic. 



Theorem 9.1. Over the line Rer = ^, we have i?4(0) = i?3(0). Moreover, 
(log|t?3(0)|)b <Oflnrf (log|t?3(0)|)bfc >0. 

Proof. Since q = e^'^ = e^'/^g-^'' = ie-^\ q"^ = i^\-^bn^ , we see that 

j?3(o)= + i E 
i?4(o) = E - ^' E 

ne2Z OTe2Z+l 

where r = e~^^ < 1. Then we compute directly that 

l'^3(0)l^=(E„e2z''"T+(E.e2Z.i''"'T 

n,n'e2Z m,m'e2Z+l fce2Z>o 

where p2(^) is the number of ways to represent k as the (ordered) sum of 
two squares of integers. Then 

(9.4) (|,?3(o)|2), = _;, ^ j,^(k)kr^ 

fc62Z>o 

and in particular (log |!?3(0)p)fc < 0. 
We also have 

(9.5) {\dmWb = n^ E Vm^rK 

fc€2Z>o 
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mo)\')m\Ho)\' - mo)\')i 
= 71^ Yl Pi{k)v2{i){k^-kiy+' 

k,lG2Z>o 

= 7r2X:P2(fc)p2(/)(fc-/)V+'>0. 

k<l 



This implies that (log |!93(0)|);,;, > 0. The proof is complete. □ 

Now we relate these to Weierstrass' elliptic functions. From (log cr(z))' = 
^(z), cr[z) is entire, odd with a simple zero on lattice points. Moreover, 

(9.7) a{z + coi) = -e'?'(^+5^'V(z). 

This is similar to the theta function transformation law, indeed 



(9.8) 

Hence 
(9.9) 

and 

(9.10) p(z) 



criZ 



(logt?i(z)), 



?/i = -(log!9i(z))zz = -4m(logJ?i(z))^ + [(logi?i(z)),]^. 

For z = ^, this simplifies to ei + //i = — 47rz(log i?i(^))t. Thus our first 
inequality simply says that on the line Re r = ^, 



(9.11) 



-47r 



logi?i 



bb 



-ATT{\ogMO))bb > 0- 



From the Taylor expansion of (7(z) and i9i (z), it is known that 

2 &{'{0) 



(9.12) 

hence 
(9.13) 



3! i9;(0) 



-^(log^UO))x, 



4 m 



ei = -47r/(logJ?2(0)). + — (logJ?UO))T. 



The Jacobi Triple Product Formula (cf. p.490 in [131) asserts that 

??1(0) = 7rJ?2(0)i93(0)i94(0). 



So 

(9.14) 



-ei -T]i= iTzi 



log 



J?2(0) 



2m(log??3(0)j94(0))x = 47r(log|i93(0)|)fo. 
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Our second inequality then says that on the line Re t = ^, \ei — rji < 0, 
{jCi — rii)j, > and ^ei — rji increases to zero in b. Together with the first 
inequality (|9.11| ), we find also that e-[ increases in b. 
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